TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 352, Number 9, Pages 4381-4396

S 0002-9947(00)02491-0

Article electronically published on May 12, 2000

GEOMETRIC PROPERTIES OF THE SECTIONS
OF SOLUTIONS TO THE MONGE-AMPERE EQUATION

CRISTIAN E. GUTIERREZ AND QINGBO HUANG

ABSTRACT. In this paper we establish several geometric properties of the cross
sections of generalized solutions ¢ to the Monge-Ampere equation det D2¢ = p,
when the measure p satisfies a doubling property. A main result is a charac-
terization of the doubling measures p in terms of a geometric property of the
cross sections of ¢. This is used to obtain estimates of the shape and invariance
properties of the cross sections that are valid under appropriate normalizations.

0. INTRODUCTION

Let ¢ : R™ — R be a convex function. A supporting hyperplane to ¢ at the point
(0, ¢(x0)) is an affine function £(z) = ¢(xo) + p - (x — x0) such that ¢(z) > ¢(z)
for all x € R™. Given t > 0, a section of ¢ at height ¢ is the convex set

Se(x0,p,t) = {x € R" : ¢(z) < l(x) +t}.
If ¢ is smooth, then ¢ is unique, £(z) = ¢(xo) + V(o) - (x — z0), and we write
Se(zo,t) = S¢(x0,p,1).
The normal mapping of ¢ is the set-valued function V¢ : R® — P(R™) defined by
Vo(xo) ={p: ¢(x) = ¢(x0) +p- (z —x0), Yo € R"}.

If E C R", then V@(E) = |J,cp Vo(z). By a classical theorem of Aleksandrov,
the class of sets F such that V¢(E) is Lebesgue measurable is a o-algebra that
contains the Borel sets and one can define the Monge-Ampére measure associated
with ¢ as the Borel measure p given by u(E) = |Vo(E)|; see [Ch-Y].

The purpose in this paper to analyze in detail several important geometric prop-
erties of the sections of the convex function ¢ when its associated Monge-Ampere
measure y satisfies a doubling condition. The interest in these properties comes
from the study of the solutions of the Monge-Ampeére equation, and its lineariza-
tions, both elliptic and parabolic, and from real harmonic analysis; see [C1], [C2],
[C-GI], [C-G2] and [H]. Some of these properties have been used in those references
to prove a lemma of Besicovitch’s type and a Calderén-Zygmund decomposition in
terms of sections which allows us to establish estimates of the solutions to the lin-
earized Monge-Ampere equation. Also, some of these properties imply that R"
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equipped with the Monge-Ampeére measure and the family of sections is a space of
homogenous type; see [A-F-TJ.

One of the main results in this paper is a geometric characterization of Monge-
Ampere doubling measures; see Theorem 2.1 below. This result is used to obtain
estimates of the shape of the sections and invariance properties valid under ap-
propriate normalizations. In this framework, we obtain another proof of a result
due to Caffarelli [CT] about the strict convexity of solutions to the Monge-Ampere
equation.

We shall assume throughout this paper that the sections Sg(zo, p,t) are bounded
sets. Let x§ be the center of mass of Sy (xo, p,t). If X > 0, then A Sy (xo, p, t) denotes
the A-dilation of Sg(zo,p,t) with respect to its center of mass; that is

ASs(xo,p,t) = {xg + A(x — x7) : & € Sp(zo,p, 1)}
We introduce the following two doubling conditions. We say that the Borel

measure v is doubling with respect to the center of mass on the sections of ¢ if
there exist constants C' > 0 and 0 < o < 1 such that for all sections Sy (z,p, t),

(DC) v (Sy(z,p,t)) < Cv(aSs(x,p,t)).

On the other hand, we say that v is doubling with respect to the parameter on the
sections of ¢ if there exists a constant C’ > 0 such that for all sections Sy (x,p,t),

(DP) v (S, p,1)) < C' v (So(w,1,£/2))

Some comments about these doubling conditions are as follows. If the Monge-
Ampere measure p associated with the strictly convex function ¢ satisfies (DC)),
then it was shown in [C2] that ¢ is regular. Condition (DP)) appears in [C-GI] to
show the covering lemma of the Calderén-Zygmund type mentioned before. It will
be shown that condition (D) implies (D), but the converse is in general false;
see Corollary 2.1 and the subsequent remark. For examples of measures satisfying
(D) see Remark 2.2.

The assumption made that the sections S4(x,p,t) are bounded sets allows ¢
to have finite segments of lines in the graph. It is easy to see that if ¢ is strictly
convex, then all sections Sg(x, p,t) are bounded sets; otherwise, the graph of ¢ may
contain half-lines. As a consequence of Theorem 2.3, it follows that if the sections
of ¢ are bounded sets and (D) holds, then ¢ is strictly convex; see Remark 2.3.

We remark that if the convex function ¢ is defined only on a convex open set
Q C R", then the results of this paper hold true with straightforward modifications
if we add to the hypothesis that the sections are bounded the following: given x € Q
there exists to such that Sy(z,p,t) C Q for all £ <ty and p € Vo(z).

This paper is organized as follows. In section 1, we present the basic facts
needed to prove the properties of the cross sections. Section 2 is subdivided into
four parts. The characterization of Monge-Ampere doubling measures in contained
in 2.1. Section 2.2 contains the proof of the engulfing property. A quantitative
estimate of the size of the cross sections and some consequences are contained in
2.3. Finally, in 2.4 we obtain Caffarelli’s strict convexity result.

1. PRELIMINARY RESULTS

Let T : R™ — R"™ be an invertible affine transformation, i.e., Tx = Az + b where
A is an n X n invertible real matrix and b € R". If ¢ : R®™ — R and A > 0,

1
let Ya(y) = X‘ﬁ(T_ly). The function £(z) = ¢(xg) + p - (x — o) is a supporting
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- 1
hyperplane of ¢ at the point (g, ¢(x¢)) if and only if £(y) = ¥x(Txzo) + X(A_l)tp-

(y—T=x0) is a supporting hyperplane of the function v, at the point (T'zg, ¥ (Txp)).
Let p and i be the Monge-Ampere measures associated with ¢ and 1) respectively;
that is

WE) =|Vo(E),  a(E)=[Vya(E)|
Note that

(AN (Vo(E)) = Vi (TE),

>| =

and consequently
_ 1 _
B(TE) = | det T~ |u(E).

In addition, the sections of ¢ and 1) are related by the following formula:

(1-0) T(Sy(arp, 1)) = Sy (T2, 1 (A7), 2.
Hence, noting that T (aSe(z,p,t)) = oT (Ss(x,p,t)), it follows that if 4 satisfies
either (D) or (DP)) on the sections of ¢, then the measure i satisfies (DC) or (DP)
on the sections of 1) respectively and with the same constants.

All properties of the sections will follow from the following two basic facts. The
first one is the following variant of a geometric lemma due to Fritz John [CI].

Fritz John’s Lemma. Let S be a bounded and convex set in R™ with non-empty
interior. Consider all the ellipsoids that contain S and that are centered at the
center of mass of S. Let E be the ellipsoid of minimum volume. Then there exists
a constant o, > 0 depending only on n such that

apn ECSCE,
where o, E means the ay,-dilation of E with respect to its center.

Since F is an ellipsoid, there is an affine transformation T' such that T(E) =
B(0,1). Then

(1-1) B(0,ay,) C T(S) C B(0,1).

Here B(x,t) denotes the Euclidean ball with center x and radius ¢. The set T'(S)
shall be called a normalization of S, and T shall be called an affine transformation

that normalizes S. The center of mass of T'(.S) is 0 and by taking Lebesgue measure
in (=) it follows that

1 1
1-2 alQ,— <|detT]| < Q,—,
(1-2) 2Oy < 1At T| < Qg
where €2,, denotes the volume of the unit ball in R™. We say that the convex set
S is normalized when its center of mass is 0 and B(0,,) C S C B(0,1). If S is
a section for the function ¢, then by (I=0)) any normalization of S is also a section
corresponding to the function ).

The second basic fact needed is the following estimate due to A. D. Aleksandrov
[A]; see also [R-T].
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Aleksandrov’s estimate. Let 0 C R"™ be an open bounded and convex set, and
u€eC (Q), u convex and u|apq = 0. Then there exists a constant ¢, depending only
on n such that

lu(z)[" < ¢n (diam(Q))* ™" d(z, 09) u(), for all x € Q,
where p(Q) = |Vu(Q)| and Vu denotes the normal mapping of u.

The following lemmas give estimates of the size of the slopes of supporting hy-
perplanes to a convex function; see [CI] and [C-G2].

Lemma 1.1. Let Q C R™ be a bounded convex open set and ¢ a convex function
in Q such that ¢ <0 on Q. If x € Q and L(y) = ¢(x) +p- (y — x) is a supporting
hyperplane to ¢ at the point (x, p(x)), then

—¢(x)
(1-3) lp| < a(z,00)
More generally, if ¥ C Q, then
/ maxq (—¢)

Proof. Assume p # 0. We have ¢(y) > ¢(z) +p-(y —x), forally e Q. 0 < r <
d(z,00), then yo = = + rL € Qand 0 > ¢(yo) > ¢(x) + r|p|, which proves the

Ip|

lemma. O

Lemma 1.2. Let Q C R™ be a bounded convex open set, let ¢ be a convex function
in Q and let ¢ = 0 on 0. Given A > 0, let A2 denote the set obtained by A-dilating
Q with respect to its center of mass. There exists a positive constant C,, depending
only on n such that

B <0 1 | ming ¢|

92 diam(Q)> CVe(XQ),

for A < A <1 where

1 min "
om0 (G) )
Proof. Let xo be the center of mass of Q, and AQ = {zxo + Az —x0) : z € Q}. If
x € 0 (A\Q), then d(x,092) < (1 — N)diam(Q2). Thus, by the Aleksandrov estimate
()" < en (diam(Q))" (1= ) p(Q)
for x € (A Q). Let us pick A > 1/2 such that

e (i (@)" (1= X)) < (5l )

Let myx = ming(ng) ¢(), m = ming ¢ = ¢(z0), and consider the cone I'y in R+
passing through {(z, #(x)) : x € I(AQ)} and with vertex at (zo, m). If xr, denotes
the normal mapping corresponding to the cone I'y, then xr, (AQ2) C V¢ (AQ) . Since

1 M . . _
my > —§| ming ¢|, and noticing that B(0, J—dir:m(;’é)) C xr, (A\Q), we get

1 | ming ¢|
B (0’ 2 Tam(nq) ) X A

This yields the inequality of the lemma. O
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By combining Lemmas 1.1 and 1.2, we obtain the following proposition; see [C1]
and Lemma 1.1 of [C-G2].

Proposition 1.1. Let Q) be a convexr domain in R™ with center of mass equal 0,
B(0,a,,) €  C B(0,1), and ¢ a convex function in Q, ¢ = 0 on 0Q. Let p be
the Monge-Ampére measure associated with ¢ and assume that there exist constants
C>0and0< a <1 such that 1(Q) < C u(a). Then

Cilming[" < u(Q) < Cof min o[

where C1,Co are positive constants depending only on C,« and n.

2. PROPERTIES OF THE SECTIONS

2.1. The Monge-Ampére measures satisfying (DC). The purpose of this
section is to give a geometric characterization of the Monge-Ampére measures sat-

isfying (DC)) and also to compare (DC) and (DP)).

We begin with the following lemma.

Lemma 2.1. Let 0 < A < 1. Then
«
AS5(@0,p,t) € Solao,p, (1= (1= N)F) ),

Proof. Let xj be the center of mass of Sy(zo,p,t), l(x) = ¢(xo) +p - (x — o),
the hyperplane defining S¢(zo,p,t), and let T be an affine transformation that
normalizes Sy (xo, p,t). We have T (A Sy (o, p,t)) = AT (S¢(xo,p, t)) and if P(y) =
#(T1y) and ¢ = (T~ 1)!p, then by (I=0) T (A S¢(wo,p,t)) = ASy(Txo,q,t). We
claim that

(2_1) /\Sw(T%qu,t) C Sw(Tan% (1 o (1 o )\)%> t)

In fact, since 0 € Sy(Tzo,q,t) and by the convexity, there exists a point & €
08y (Txo,q,t) and 0 < 6 < 1 such that 0 = 0Tx¢ + (1 — 6)&. Hence, by (I=I)

p> Il om
T Tz —¢ — 2

Let 4(x
Ply) -

) = ¥(Txo) + q - (x — T'zo) be the hyperplane defining Sy (T'zo, g,t). Since
£(y) is convex, it follows that

$(0) = £(0) < 0 (4(Tao) = A(Tx0)) + (1= 0) (¥(&) = €€)) < (1= T

Hence, if y € Sy(T'zo,q,1), then
P(A\y) = Ly) < A (¥(y) — €y)) + (1 =) (¥(0) — £(0))
A+ (1—A)(1— 22y

2
o
—(1-(1-x —") t
(1-a-n3)e,
and the claim follows. Lemma 2.1 follows by taking 7-1 in (Z2=1I). O

Corollary 2.1 ([DC) implies (DB). Let u be a measure satisfying (OC). Then u
satisfies (OB).
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Proof. By Lemma 2.1

H(Ss(w,p.1) < CpulaSs(,p,0) < CulSola,p,00).  9=1-(1-a)3".
By successive application of the last inequality
#(Sp(x,p,1)) < CF p(Sy(w, p, 0™1)),
and by taking k such that % < 1/2, the corollary follows. O

Remark 2.1. The converse of Corollary 2.1 is false. The function ¢(z) = e*, x € R,
is strictly convex and the corresponding Monge-Ampere measure satisfies (DP) but
not (DC)). For such ¢ we observe that

(1) Se(zo,t) = mo + Sy (0, te™),
(2) 1 (oo, 1)) = e[S (0, te™™0)| = €01 (S4(0,te™™))..
Any interval of the form (0, L), L > 0, is a section at some point. Given 0 < a < 1,

L L l—a 1
a(0,L)= 5 +a ((O,L)— 5) = (%L%L) . Thus

1 ((0,L)) eh—1
= — OO
1(a(0,L))  e(Fa)L/2 —¢(i-a)L/2 ’
if L — oo and hence (DC) fails for any 0 < a < 1.
Let us show that (DP)) holds for this measure. We have that Sg(0,t) = (my, My),
where m; < 0 < My, and the following estimates:
(3) Int < My <In2t and —2t < m; < —t for ¢t > 5.
(4) There exist positive constants e and ¢ such that ey/t < M; < V2t and —cv/t <
my < —/2¢ for 0 < t < 5.

We write

p(Ss0,8) _ 190, 0)] _  My—mi
p(S5(0,/2))  [S4(0,8/2)] Mz —myys ’

and from (3) and (4) it follows that (x) < C for all ¢ > 0. This combined with (1)
and (2) yields

M(S¢($0,t)) . e$o|5’¢(07t6—$0)| /
= <C'. O
1 (Sa(w0,/2)) @[S0, 42 70)]
Remark 2.2. If p(x) is a positive polynomial in R™, then we shall show that the
measure p(z) dx satisfies (DC) on the bounded sections of any convex function ¢
and with a constant depending only on the degree of p. We use the following result
of Ricci and Stein: let p(z) be a polynomial of degree d in R™, then

—p
/ lp(z)| ™" dx < Cya (/ p(z)] dx) ,
B1(0) B1(0)

where pud < 1 and the constant C), 4 is independent of p; see [J], p. 219. Hence, to
show our claim, let p(z) > 0 have degree d and take r > 1 and v > 0 exponents
that will be chosen in a moment. By Holder’s inequality

1/r —y
/ dz < Cyrd (/ p(z)>" dx) </ p(x)? dx)
B1(0) B1(0) B1(0)
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for fyLlZd < 1. If yr = 1/2, then r > d + 1 and we obtain
r—

2
/ p(at:)2 dx < Cy (/ p(z) dx) ,
B1(0) B1(0)

for every positive polynomial p of degree d. Hence by Schwartz’s inequality

/ p(x)dr < w,(1— (1 - e)n)l/ch/ p(x) dzx
B1(0)\B1-<(0) B1(0)

< 061/2/ p(z) dz,
B1(0)

with C = C(n,d). Thus

/ p(z)dx < 2/ p(z) dx
B1(0) Bi1_¢(0)

for e sufficiently small. By changing variables

/ p(z)dx < 2/ p(z) dx
B,.(0) B(l—e)r(o)

for all » > 0, and by iteration it follows that

/ p(z)de < C/ p(z) dz,
B1(0) Ba,,/2(0)

where «,, is the constant in the variant of the Fritz John lemma.
Now, let S be a section of ¢ and T an affine transformation that normalizes S,
i.e., Bg, (0) C S* =T(S) C B1(0). We then have

/p(x) dx = / p(Tﬁly)| det T™|dy < |det T p(T~y) dy
S S* Bl(O)
< C|det T_1|/ p(T~ty) dy < C|det T_1|/ p(T~'y) dy
B, /2(0) 3T(S)
=C [ plz)da,
1S
since T'(15) = 17(S). This completes the remark. O

The following theorem is one of the main results in this paper and gives a geo-
metric characterization of doubling Monge-Ampeére measures.

Theorem 2.1. Let p be the Monge-Ampére measure associated with the convex
function ¢. The following statements are equivalent:

(i) p satisfies the doubling condition (D).
(ii) There exist 0 < 7, A < 1 such that for all o € R™ and t > 0,

(2-2) Se(zo,p, Tt) C ASg(x0,p,1).

Proof. Let us assume (i). We shall show that there exists a dimensional constant
0 < Bn < 1 such that (Z=2) holds for all 7 and A such that 0 < 7 < 1 and 1 —
Bn(1—7)" < X < 1. Let T be an affine transformation that normalizes Sy (o, p, t),
xf is the center of mass, and ¥(y) = ¢(T~'y). Let 0 < A < 1. By (=) we have
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T (Sg(wo,p, \t)) = Sy(Tx0, g, At), where ¢ = (T~1)p. Since the center of mass of
Sy (T'xo, g, At) is Tx§ = 0, we have
T (AS¢(zo,p,t)) = T{xy + AMa —z) : ¢ € Sp(xo, p, t)}
={ATz:z € S4(xo,p,t)} = ASy(T2o,q,1t).

Set ¢*(y) = ¢(y) =¥ (Tzo) —q-(y—T'xo) —t. Then Vip* = Vp—q and ¥ [s5,,(T0,4,)
=0.

If y € Sy(Txo,q,t) \ ASy(Txo,q,t), then d(y, Sy (Txo,q,t)) < 1— A, and by
Aleksandrov’s estimate and Proposition 1.1

[0 (W)™ < end(y, 0Sy(Txo,q,1))| | min % (y)[" < en(1 = A)t".
Sy (Tx0,q,t)

Hence, " (y) > —cn "

Y(y) = v(Two) —q- (y — Txo) = (1 —c - A)l/") t >t
that is, y ¢ Sy (Txo,q, 7t). Therefore
Sy (Tzo,q,7t) C ASy(Tx0,q,1).

Hence, (2-2)) follows by taking 7.
Now we prove that (ii) implies (i). Let T be an affine transformation normalizing

Se(wo,p,t) and let 1 (y) = (¢(T'y) — d(x0) — q- (y — Two))/t. Obviously, by [22)
we have

/n(l — A)Y"t which implies

Sw(TiL’o, 0,’7’) C )\Sw(TiL'o, 0, ].)

If 2 € Sy (Txo,0,7) and g* is the slope of a supporting hyperplane to ¢ at (z, ¥(z)),
then by Lemma 1.2,

e : <c
1= (@, 05, (T20,0,1)) = "N
and hence

(2-3) B (Sy(Tx0,0,7)) < C;l’)\.

On the other hand, by applying Aleksandrov’s estimate to 1 (y) — % in Sy (T'z0,0, §)
it follows that

T\"™ _ T
(2-4) (5) < Cupt <5w(T$07 0, 5)) :
From (2=3)) and (2=2) we obtain

[i(Sy(Txo,0,7)) < Ch (Sw(Tme, g)) ,

which implies
-
1 (So(w0,p. 7)) < Cpt (So(o.p, 51)) |

where the constant C' is independent of ¢. If we pick k such that 27 < 7, then by
iteration we obtain

4
M (S¢(£L‘0,p,t)) < C‘LL <S¢($0,p, 5)) < Ck:u‘ (S¢(£L’0,p, 27}615)) < C/M (S¢(£L‘0,p, Tt)) :
Now (i) follows from ([2=2). O

As a first consequence of our characterization we obtain the following corollary.



GEOMETRIC PROPERTIES OF THE SECTIONS 4389

Corollary 2.2. Let p be the Monge-Ampeére measure associated with the convex
function ¢ and assume that p satisfies (DQ). Let T be an affine transformation
that normalizes the section S¢(z,p,t), (in particular, by (@=0), T (S4(x,p,t)) =
Sy(Tx,q,t) where ¥(y) = ¢(T~'y), and ¢ = (T~)'p). Then

(i) there exists co > 0 depending only on the constant in (DC) such that
d(Sy(Tx,q,7t),084(Tx,q,t)) > co(l =7)"  forall0 <7 <1
(ii) there exists C' > 0 depending only on the constant in (DQ) and n such that if
y ¢ Se(x,p,t), then
B(T(y),Ce")NT (Sp(z,p, (L —e€)t)) =0  forall0<e<1.
Proof. (i) By Theorem 2.1, Sy(Tx,q,7t) C ASy(Tz, ¢, t) with A =1 —¢, (1 —7)".
Hence
d(ASy(Tz,q,t),08(Tx,q,t)) > an(l =) =c,(1—1)",
and (i) follows.
(ii) By (i) we have
d(T(y), T(Sp(x,p, (1 = e)t)) = A(T(y), Sy (2,9, (1 = ))) = co(1 = (1 = €))",
and hence (ii) follows with C = Cj. O
2.2. The engulfing property of the sections. The sections of a convex function
whose Monge-Ampere measure satisfies (DC)) satisfy the following property similar
to the one enjoyed by the Euclidean balls. Besides the importance of this property
in the study of the linearized Monge-Ampere equation, it also allows us to establish

that R™ equipped with the Monge-Ampere measure p and the family of sections
becomes a space of homogeneous type; see [A-F-TJ.

Theorem 2.2 (Engulfing property). Assume that the Monge-Ampére measure [
associated with ¢ satisfies (DC). Then there erists a constant > 1 such that if
y € Sy(xo,p,t), then Sy(xo,p,t) C Ss(y, q,0t) for all g € Vo(y).

Proof. Let T be an affine transformation that normalizes the section Sg(xo, p, 2t);
that is,

B(0, &) C T(S¢(zo,p,2t)) C B(0,1).
Let ¥(y) = ¢(T"'y), o = (T~")"p, and
" (y) = ¢(y) = ¢ (Tzo) —q1 - (y — Two) — 2t.
By @), T(S4(zo,p,2t)) = Sy(Txo,q1,2t). If g2 € Vo*(T'y), then by Lemma 1.1
< 2t
- d(Tya aS’LZJ(Txm q1, 2t)) .
Since y € Sy(zo,p,t), Ty € Sy(Txo,q1,t). Thus, by Corollary 2.2(i),
lg2] < Cht.

|QQ|

By taking 7!, the desired inclusion is equivalent to
Sy(Tx0,q1,t) C Sy(Ty, (T~ 1)'q, 0t) for all g € Vo(y).
Let z € Sy (Txo,q1,t). We want to show that
V(2) < Y(Ty) + (T g (2 —Ty) + 6t for all ¢ € V¢(y).



4390 CRISTIAN E. GUTIERREZ AND QINGBO HUANG

We have V¢* = Vb — q1, and we observe that ¢ € Vé(y) if and only if (T 1)lq €
V¢ (Ty). Hence, if ¢ € V(y), then (T71)!q = g2 + q1 with g2 € V¢*(Ty).
Therefore
W(Ty) +(T71)'q- (2 —Ty) + 0t
=¢(Ty)+q-(z=Ty)+q - (z=Ty)+ 6t
> P(Txo) + g1+ (Ty —Txo) +q2- (2 = Ty) +q1- (2 — Ty) + 61
=¢Y(Txo)+q-(z—Txo) +q2- (z—Ty) + 6t
>(z) —t+qo-(z—Ty)+ 0t = (%) since z € Sy (Tzo, q1,1).

Now |g2 - (z — Ty)| < Cit|z — Ty| < 2Cyt. Hence ¢z - (z — Ty) > —2C4t, and
consequently

(x) > Y(z) —t =201t + 0t =¥(2) + (0 — (2C1 + 1))t.
The property now follows by picking 6 > 2C7 + 1. O

2.3. The size of normalized sections. The following theorem gives a quan-
titative estimate of the size of normalized sections. It says that if two sections
intersect and we normalize the largest of them, then the other one looks like a ball
with proportional radius at the scale in which the largest section is normalized.
The statement below gives a more precise estimate than the one used in [C-GI];
compare with condition (A) in that paper.

Theorem 2.3. Assume that the Monge-Ampére measure p associated with ¢ satis-
fies (DQ)). There exist positive constants K1, Ka, K3 and € such that if Sy (20, po,70)
and Sy(z1,p1,71) are sections with 11 < 1o, S¢(20,P0,70) N Se(z1,p1,71) # O and
T is an affine transformation that normalizes Sy (20, po,70), then

B <TZ1,K2::_1) C T(S¢(#1,p1,m)) C B (TZ1,K1 (:—1) > )
0

0
and Tz € B(0, K3).

Proof. Let ¥(y) = Tld)(T’ly) and set
0

1, 1, r
Tzg=z9, Tz1=x, p=—(T 1)tpo, g=—(T 1)tpl, t= L
To To To

Hence, by (I=0), we have T'(S4(20,p0,70)) = Sy(zo,p,1) and T(S4(z1,p1,71)) =
Sy (z,q,t). For the rest of the proof, we shall omit the subscript ¢ understanding
that the defining function in all sections is 1. Then the inclusions in the theorem
are equivalent to

B (J),th) C S(]?,q,t) CcB (l‘,Klte).

We begin with the proof of the second inclusion. Since S(zg,p,1) is normalized,
the center of mass ¢(S(zg, p,1)) = 0. By Theorem 2.1, given 0 < 7 < 1, there exists
0 < A <1, A= A(7,n) such that
S(x,q,7) CAS(z,q,1) ={x1 + Ay — 1) : y € S(x,q,1), 21 = ¢(S(z,q,1))}
- {(1 - )\).231 + Ay SRS S(xaQ7 1)51‘1 = C(S(J),q, 1))}
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In the same fashion,
S(z,q,7%) C AS(z,q,T)
={(1=Nz2+My:y€ S(x,q,7), 22 = c(S(x,q,7))}
C{1 =Nz + A1 =Ny + XNy :y € S(x,q,1), 21
= c(S(x,,1)), 32 = c(S(z,q, 7))},

and so
S(x,q, TNt C AS(xz,q, 7V).
If we set w11 = ¢(S(x,q,7%)),i=0,1,2,..., then continuing in this way we obtain
N-1
S(x,q, ™) c {(1-N) Z Nay i+ My :ye S q 1)}
i=0

If z* € S(zo,p,1)NS(z, q,t), then Theorem 2.2 implies that S(x,q,1) C S(z*,q’,0)
and S(zo,p,1) C S(z*,q¢',0) for all ¢’ € Vi)(z*). Again, by the engulfing property,
the last inequality implies that S(z*,q’,0) C S(xo,p,6?). On the other hand, by
the convexity of v,

Sy (z0,p,7) C xo + 7(Sy(z0,p,1) — x0)
(2-5) ={zo+7r(z—x0) : 2 € Sy(x0,p,1)}, r> 1.
Hence
S(x,q,1) C S(zo,p,0%) C zo + 6%(S(z0,p, 1) — x0).
Since S(xo,p, 1) is normalized, it follows that
xo + 02(S(x0,p, 1) — 20) = (x0 — 6%x0) + 62S (0, p, 1)
C B(zo — 6*10,0%) C B(0, K),

with K = 262 —1. Then S(z,q,1) C B(0, K) and consequently ;11 = ¢(S(z, g, 7))
€ B(0,K),i=0,1,....
Let N > 0 be such that 78! < ¢t < 7V, Then

S(z,q,t) C S(a:,q,TN)

Clyn+A\Vy:yeSq )} (yv=(1-X3) D XNav)
i=0
- B(yNaANK)
log, t
We have N + 1 > 12320 hence ANV < AUog /1oy 1)=1 — LA/ Inm Gince [yy| <
log, 7
1
(1 -—M\)K—— = K, we obtain
1—A
K K
S(xv%t) C B(va th) - B($,2Xt6)7
In A
where € = 22

nr
Let us now show the first inclusion. If y € S(z,p,1) N S(x,q,t), then by the
engulfing property S(z,q,t) C S(y,q’,0t) and S(zg,p,1) C S(y,q’,0) for all ¢ €
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V¢ (y). Again, by the engulfing property, Theorem 2.2, S(y,q’,0) C S(wq,p,0?)
and consequently S(z,q,t) C S(zo, p, %), since t < 1. By (2=7),
S(xo,p, 30%) C {x0 + 36%*(y — x0) : y € S(wo,p,1)} C B(0, K),
with K = 662 — 1.
Let
¥ (2) = (2) = ¢(x0) — p- (2 — o) — 36

We claim that
(**) Vi~ (S(xo,p, 292)) C B(0,06%)
with a universal constant C. To show the claim, we first observe that if i is the
Monge-Ampere measure associated with ¢ and S(zg,p, 1) is normalized, then by
Proposition 1.1 we have fi(S(zo,p, 1)) ~ 1. Hence by the doubling property

(S (x0,p,26%) =~ C(0),  (S(x0,p,36%) =~ C(6).
By Aleksandrov’s estimate applied to o (x) = ¥(x) — ¥(x) — p - (v — 20) — 20% on
the section S(zg,p,2602), we obtain

(92)71 < Cd(S(iCo,p, 92)7 as(xmpa 202)),L_L(S(£E0,p, 202))
Thus

d(S(wo,p,0?), 08 (0, p, 26%)) = C.

A similar argument yields

d(S(z0,p,26%), S (w0, p, 36%)) > C.
Hence by applying Lemma 1.1 to the function 1* in the set S(zo, p, 26?), we obtain

Let z€ S(xo,p, 0?)(C B(0, K)). We shall pick K5 such that B(x, Kat) CS(z,q,t).
Since d(S(zo, p,6?),0S(z0,p,20%)) > C; and t < 1, it follows that B(x,C1t/4) C
S(xo,p,20%). Let y € B(x,Kaot) with Ko < C1/4. If ¢ € Vi(y), then ¢(z) >
P(y)+q - (x—y). By ), |[¢ — q| <2C6? and therefore

0<9(y) =) —q-(y—2) < —¢ - (r—y)—q-(y — )
< 200%y — x| < 200°Kot < t,

by picking K3 such that 200?K, < 1. Thus y € S(z,q,t). The proof of Theorem
2.3 is now complete. [l

Remark 2.3. Theorem 2.3 implies that if the sections of the convex function ¢ are
bounded sets and the corresponding Monge-Ampére measure satisfies (DC), then ¢
is strictly convex. In fact, if Py = (z1,¢(x1)) and P> = (22, ¢(x2)) are points such
that the segment P; P, is contained in the graph of ¢ and zy = toz1 + (1 — to)xa,
0 < to < 1, then any supporting hyperplane of ¢ at the point (29, ¥(z9)) contains
Py P,. Then Py Py C Sy(20,p,t) for p € V¢(20) and all ¢t > 0. Then by theorem
2.3 the segment P P» reduces to a point.

Also as a consequence of Theorem 2.3 we obtain the following important result
in the study of the solutions of the linearized Monge-Ampeére equation, [C-G2].

Theorem 2.4. Assume that the Monge-Ampére measure p associated with ¢ sat-

isfies (DC)). Then



GEOMETRIC PROPERTIES OF THE SECTIONS 4393

(i) there exist Cy > 0 and p1 > 1 such that for 0 < r < s < 1, ¢t > 0 and
x € Sy(x0,p,rt) we have

Se(x,q,Co(s —r)P*t)) C Sy(xo,p, st);
(i) there exist C1 > 0 and p1 > 1 such that for 0 < r < s < 1, t > 0 and
x € Se(x0,p,t) \ Sp(x0,p, st) we have
Se(x,q,Ci(s —1)Prt) N Sy(xo, p,rt) = 0.
%f. (i) Let T be an affine transformation normalizing Sy (zo,p, st). Then by

T (S¢(x0,p, St)) = S’L/)(Tan q1, S)

where ¥(y) = 1¢(T’1y), and ¢ = %(T*I)tp. Also

t
T(S¢(x0,p,7°t)) = S’l/)(TanQIvr)v
T(S¢(J?,q, CO(S - r)plt)) = S’L/J(Txaq2700(5 - ’r)pl)a

1
where g3 = 7 (T~1)*q. To show (i), it is enough to prove that if Tz € Sy,(Txo, q1,7),
then

(2_6) Sw(T:L’,QQ,CO(S—T)pl) - S’L/)(TanQIvs)'
Set 7 = g < 1. Let 0 < s and z € Sy(T'x,qz,0). Then
V(z) <YpTx)+q-(z—Tx)+§
<YTxo)+q-(Te—Txo)+r+q2- (z2—Tx)+ 9
=¢Y(Txo)+q- (2 —Txo) +7r+ (g2 —q1) - (z —Tx) + 0.

We have ¢1 € Vi(T'xg), q2 € V¢p(T'x), and Tz, Txg € Sy(Txo,q1,7). By applying
Lemma 1.1 to the function h(z) = ¥(z) — ¥v(Txo) — ¢1 - (x — T'xp) — s on the set
Sy(Tzo,q1,s), and by using Corollary 2.2(i) it follows that

—h(Tz) C
— T B B .
n+1
This implies that |g2 — g1 < CS_ = Cs . Therefore, by Theorem 2.3,
I=mm  (s—r)"

P(2) <¢(Two) +qr- (2 =Two) +7+ (2 — @) (2 —Tx) +4

Csntl ¢
Si/)(T:L’o)+Q1~(Z—T:L‘0)+T+7K1 -] +6.
(s —r)» s

/e

. (s —r)ntt Ve s _ ¢
<

5_m1n{< SK.C _— ,

1\ n+1
then [2=6) follows with Cy = <2ch> and p = pat

1
(i) Let T normalize Sy (o, p,2t) and ¢ (y) = Eqb(T_ly). Then

T (S¢(J?0,p, Zt)) = Sw(Tan q1, 1))

Thus, if
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1
—(T~1)tp. Tt is sufficient to show that if

ith ¢, =
W@ o

Tz € ST/)(TxOﬂQIv ) \S’L/)(TanQIv )a

2
then

T)pl

Sw(TJ?,QQ, Cl(S_T) N S’L/)(Tx(hqla f = (Z)

2)
We have ¢1 € Vi(Tzg) and ¢2 € V¢(Tz). By Corollary 2.2(i) and Lemma 1.1,
lg2 —qi| < C. Let 6 <1 and z € Sy(T'z,¢2,9). Then by Theorem 2.3,

P(2) 2 P(Tx) + g2 - (2 = Tx)

S
> Y(Txo) +q1 - (Tx — Txo) + 5t (2 —Tx)

=Y(Tzo) +q1-

(= Tao) + 5 + (a2 — ) (= = Ta)
W(Two) + 1 - (2 = Tao) + 5 = CK1d°
(

r
> (Txz) + g1+ (2 — Txo) + 5
. . (s —r)\" . . .
if 0 satisfies & < , 1 = 1/e, and the desired conclusion holds with
2C K,
1
Ci < ———. O
L= 2CK,)

From Theorem 2.4, we conclude that there exists 6 > 0 such that if x €
S¢(x0apv 4t) \ S¢(£L‘0,p, bl ) then

t

S¢(x7Qa5t) C S¢(£C0,p, t) \ S¢(£L'0,p, 1)

2.4. A result of Caffarelli. In [C1], the section X4(x, p, d) is defined by
Y (20,0, 0) = {x: ¢(x) — ¢(xp) <p- (x — ;) + 0},

where p € Vo(R"™) and § > 0. Note that p may or may not be the slope of a
supporting hyperplane of ¢ at (xf, ¢(zf)). It was shown in [CI] that given § > 0
and zfy there exists p such that Xy (x§, p, 0) has zj as its center of mass. From now
on, we shall assume that z{ is the center of mass of X4(zf, p, 9).

The following proposition shows the relationship between the sections S and X.

Proposition 2.1. We have the following.

i) Let x§ be the center of mass of Sy(xo,p,t). There exists &n <n <1 depend-
0 ¢ 5 n
ing on ¢, xg and t such that

S¢(Z‘Q,p, t) = E¢(£87p) 77t)

ii) Let X4(xf,p,t) be a section with x as its center. Then there exist xg €
¢\Lo 0
So(zh,p,t) with p € Vé(xo) and 1 <y < 2,1 such that

¥y (25,0, t) = Se(xo, p, 7).
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Proof. We first prove (i). Let T be an affine transformation that normalizes

S¢(zo,p,t). We have Tz§ = 0. Let ¢(y) = AT y) — $(wo) — 4 (y = T'wo)

t )
q = (T71)'p. It is easy to check that
TE¢(5U8727; ﬂt) = E1p(0, 07 77)
Hence, to prove (i), it suffices to show that
(2-7) Sy (T'x0,0,1) = £4(0,0,n) for some n € [a—zn, 1].

From the proof of Lemma 2.1, n =1 —¢(0) € [a—zn

Sd’(T{EOvOa 1) = {y : 1Z)(y) - 1/)(0) <1l- 7/1(0)},
we have that 21) holds with n =1 — (0).
Condition (ii) can be proved in a similar way. Let xf be the center of mass of

Y(x§, p,t) and let T normalize ¥y (xf, p,t). There exists o such that p-z + A =
¢, () is a supporting hyperplane to ¢ at (xo, ¢(z¢)). Then

(g, pt) ={x: (¢ — lay)(@) — (¢ — Loy ) () <t}
Therefore, xg € Xy(x§, p,t). Obviously
TSy (x5, p,t) = £4(0,0,1),

(T 'y) — p(x0) — q - (y — Txo)
t

34(0,0,1) = {y : ¥(y) < ¥(0) + 1} = Sy(T'x0,0,7),

where v = 1 + 9(0) € [1,2c,,']. By taking 7!, we complete the proof of the
proposition. [l

, 1} . Then writing

. Clearly

where (y) =

As a consequence, we can now prove the strict convexity of ¢ due to Caffarelli
[CT].

Corollary 2.2. Assume that the Monge-Ampére measure p associated with ¢
satisfies (DC). Given 0 < X < X < 1, there exist 0 < 6, 7 < 1 such that if
x € Sy(zo,p, A), then

(i) there exists p1 such that Xg(x,p1,0) C S¢(zo,p, N'), and
(i) ifq € Vo(z) and ¢’ € VP(y), then (¢ —q,y—x) > T for all y € dS4(x0,p, N).

Proof. We first prove (i). By Proposition 2.1 and Theorem 2.2, there exist o’ €
Y4(z,p1,0) and 7 € [1, 2, '] such that

S4(@,1,6) = Ss(a’, p1,79)
C S(b (QC, q, 975)

2
C Se(z,q, a—@é),

n

with ¢ € V¢(z). Since x € Sy(x0,p, A), by Theorem 2.4(i)
S¢((E, q, CO(A/ - )\)p) C S¢(£L’0,p, A/)

Thus, if 105 < Co(N — AP, then (i) follows.
Qnp
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To prove (ii), by the convexity we have

o(y) —x) —q-(y—2)<(d —q) - (y—2).

Since y € 0S4 (xo,p, \'), by Theorem 2.4(i), y ¢ Sy(z,q, Co(N —A)P) and the result

follows.

[A-F-T]
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1
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